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Abstract 

Let M he a manifold homotopy equivalent to the complex projective 
space CP"^. Petrie conjectured that M has standard total Pontrjagin 
class if M admits a non-trivial action by S^. We prove the conjecture 
for m < 12 under the assumption that the action extends to a nice 
Pm(2)-action with fixed point. The proof involves equivariant index 
theory for S'pzn'^-manifolds and Jacobi functions as well as classical 
results from the theory of transformation groups. Q 

1 Introduction 

Let M be a smooth closed manifold homotopy equivalent to the complex 
projective space CP™ and let G be a compact Lie group which acts smoothly 
and non-trivially on CP*". We consider the problem to determine how close 
M and CP*" dbTQ clS differentiable manifolds if M also supports a non-trivial 
action by G. In this paper we give an answer to this problem if G is equal 
to Pm(2), the normalizer of a maximal torus in S^, and the dimension of M 
is less than 24. 

By simply-connected surgery theory one knows that for fixed m > 3 the 
set of diffeomorphism classes of homotopy CP"^'s is infinite and partitioned 
into finite subsets by their total Pontrjagin class. In view of this classification 
one may think of a homotopy complex projective space M as being close to 
CP™" if the total Pontrjagin class of M is standard, i.e. if p{M) takes the 
standard form (1 -|- x^)™'^^, where x is a generator of H'^{M; Z). 

To be more specific on the problem above we ask the following strong 
(resp. weak) question: Is the total Pontrjagin class of a homotopy complex 
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projective space M standard (resp. standard up to finite ambiguity), if M 
also supports a non-trivial action by G7 

The strong question lias been answered in special cases by Petrie, Hattori, 
Masuda and many others (cf. |0 for a survey). Some of their work is stated 
below. Here we point out that by a result of Petrie (cf. |2l|) the total 
Pontrjagin class of M is standard if M admits an effective action by the 
m-dimensional torus. The weak question has been considered for certain S^- 
actions in The questions above are motivated by the following conjecture 
of Petrie (cf. 0). 



Conjecture 1.1. Let M be a homotopy CP™. If M supports a non-trivial 
smooth -action then its total Pontrjagin class is standard. 

Petrie's conjecture has been verified in several special cases (again cf. |^ 
for a survey). In particular, it holds for m < 4 (cf. [0) or if the number 
of fixed point components of the S'^-action is < 4 (cf. [^, [^], [^, 0]). 
In contrast the conclusion of the conjecture is known to fail if the S'^-action 
is only locally linear or if the group acting on M is finite of arbitrary size (cf. 

0, i)- 

One may argue that the positive results towards Petrie's conjecture de- 
scribed above merely express the general principle that the presence of a 
symmetry group imposes strong restrictions on the topology if the dimension 
of the symmetry group is 'large' compared to the dimension of the manifold 
or if the orbit structure is 'simple'. Note however, that by a result of Hat- 
tori (cf. |jl2|) the conclusion of Petrie's conjecture holds in any dimension if 
M admits an S'^-equivariant stable almost complex structure with standard 
first Chern class. Hattori's argument is based on vanishing results for equiv- 
ariant S'pm^-Dirac operators derived from the Lefschetz fixed point formula 
in equivariant index theory (cf. H], 0). 

In 1^ generalizations of the rigidity theorems for elliptic genera (cf. p^ , 
0, |]14|, H^) to Spm*^- manifolds were given. These results led to a proof 



of Petrie's conjecture (cf. 0) in the special case that the first Pontrjagin 
class of M is standard and M carries a smooth Pm(2)-action with fixed 
point which is cohomologically trivial and almost effective (i.e. the action 
has finite kernel). We shall call such an action nice with fixed point. 
Note that such actions exist on any CP*" for m > 1. The main purpose of 
this paper is to show that in small dimensions the assumption on the first 
Pontrjagin class can be removed. This gives a partial answer to the strong 
question stated above. 
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Theorem 1.2. Let M be a smooth closed homotopy CP™ which supports a 
nice Pin{2)-action with fixed point. Ifm < 12 then the total Pontrjagin class 
of M is standard. 

To prove the theorem we first give a lower bound for the first Pontrjagin 
class of M (see Section ^ which we obtain by relating equivariant index 
theory to the theory of Jacobi functions (see Section |^). Then we combine 
results of [|| with the homotopy invariance of pi (M) mod 24 to complete the 
proof (see Section 

Note that for m odd the Pm (2)-action on M is trivial on cohomology if 
and only if Pm(2) acts by orientation preserving diffeomorphisms. For m 
even the POT(2)-action has a fixed point if it acts trivially on cohomology 
(see Section 0). In particular, a non-trivial smooth S'^-action on a homotopy 
^p2Af in^juQgg a nice Pm(2)-action with fixed point by restricting the S^- 
action to the normalizer of a maximal torus. Hence, Theorem |1.2| implies 



Corollary 1.3. Let M be a smooth closed homotopy CP which supports 
a non-trivial smooth -action. If 2N < 12 then the total Pontrjagin class 
of M is standard. ■ 



This paper is structured in the following way. In the next section we give 
some information on the weights of equivariant vector bundles with vanishing 
first Pontrjagin class. In Section ^ we define certain series of S'^-equivariant 
twisted Spin'^-DiTa.c operators and express their indices in terms of Jacobi 
functions. In Section ^ we establish a lower bound for the first Pontrjagin 
class of a cohomology CP™ which admits a nice Pm(2)-action with fixed 
point. In the final section we give the proof for a slightly more general 
version of Theorem |L2 . 



2 Weights and the first Pontrjagin class 

In this section we give some information on the weights of Pin (2)-equivariant 
vector bundles with vanishing first Pontrjagin class. Let M be a 2m-dimen- 
sional smooth oriented closed manifold with smooth Pin (2)-action. We as- 
sume that the Pin (2)-action is trivial on integral cohomology. This property 
guaranties that the action lifts to complex line bundles over M. For the 
induced action of C Pin(2) let Y denote a connected component of the 
fixed point manifold M'^ . 

Let ^ ^ M be a Pin (2)-equivariant s-dimensional complex vector bun- 
dle. Since F is a trivial ^^-space the restriction of ^ to F (viewed as an 
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S'^-equivariant vector bundle) splits as a finite sum = Xl/tez '^fe ® Here 
C,k is a complex vector bundle over Y which is trivial as an 5'^-space and 
A denotes the standard complex one-dimensional representation of (to 
lighten the notation we suppress the dependence of on Y). Let ui, . . . ,Us 
denote the roots of ^^^a: defined using the splitting principle. Then the 
equivariant roots of are defined as Ui + ui ■ z, . . . ,Us + ujg ■ z, where uji is 
equal to k if Ui is a root of C,k and z is a formal variable. We call Ui, . . . ,u}s the 
weights of ^ at Y. Note that the character of the complex S'^-representation 
^\y, y eY, is equal to J2i 

Next assume ^ is the complexification of an oriented Pm(2)-equivariant 
real 2t-dimensional vector bundle ^. Then ^ is invariant under conjugation 
and the equivariant roots of C,\y occur in pairs {ui + Ui ■ z,Ut+i + ujt+i ■ z), 
i = 1, . . . ,t, where Ut+i + ujt+i ■ z = —{ui + Ui ■ z). We call ±(Mj + uJi ■ z), 
i = 1, . . . ,t, the equivariant roots and ±uJi the weights of ^|y. A spectral 
sequence argument for the Borel construction of ^ shows (cf. 0, Prop. 3.7) 

Proposition 2.1. If the first Pontrjagin class pi{^) is torsion then X]i=i'^«^ 
is independent ofYd M^^ . ■ 



We apply the proposition in the case that M is a cohomology CP™, 
i.e. H*{M;Z) ^ i7*(CP"^;Z), and pi(M) is equal to -n ■ x^, where x G 
H'^{M] Z) is a generator and n is a non-negative integer. Let ±(xj + niy^i ■ z), 
i = 1, . . . ,m, denote the equivariant roots of TM\y- Consider the complex 
line bundle 7 over M with 01(7) = x. Since Pm(2) acts trivially on integral 
cohomology there exists a unique lift of the Pin (2)-action to 7 (this follows 
from [jl3|, cf. p, Prop. 3.6). Let ay be the weight of the induced S'^-action 



on 7 at Y. 

Note that by the assumption on pi{M) the first Pontrjagin class of the 
bundle ^ = TM -|- n ■ 7 vanishes. Hence, Proposition implies 



Corollary 2.2. There is a constant C G Z such that Yl^i '^'yi + n-a\r = C 
for any connected component Y of M^^ . ■ 



Next we assume that the Pin(2)-action is nice with fixed point, i.e. we 
assume in addition that the Pm(2)-action has a fixed point pt G M. A simple 
application of the Lefschetz fixed point formula for the Euler characteristic 
shows that such a fixed point exists if the Euler characteristic of M is odd 
(cf. Lemma 3.8). Let Yq denote the connected component of which 
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contains pt. Note that the representation 7|p( is trivial since it is a complex 
one-dimensional Pm(2)-representation. Hence ay^ vanishes and we conclude 
from the corollary above that 

m m 

^mli + n- al = ^ml^ - (*) 

i=l i=l 

for any fixed point component Y . This formula is used in Section ^ to give 
a lower bound for the first Pontrjagin class. 

3 Twisted Spin^-Dirac operators and Jacobi 
functions 

In this section we consider certain series of equivariant twisted S'pm^-Dirac 
operators closely related to elliptic genera and describe their indices in terms 
of Jacobi functions. Let M be a 2m-dimensional closed connected manifold 
with Spm^-structure given by a 5'pm'^(2m)-principal bundle P — >■ M.0 The 
Spiff -stinctnm induces a complex line bundle over M and we denote its first 
Chern class by c G H'^{M] Z). 

Let ^ M be a complex vector bundle of dimension s. We fix connec- 
tions on V and the t/(l)-part of P. Let dc®V denote the associated twisted 
S'pin'^-Dirac operator acting on sections of the tensor product of the complex 
spinor bundle and V . By the Atiyah-Singer index theorem (cf. 0) its index 
ind{dc ® is a topological invariant given by 

ind{dc (^V) = (e=/2 ■ A{M) ■ ch{V),fiM). 

Here A{M) denotes the multiplicative series for M associated to the A-genus, 
fj,M is the fundamental cycle of M and ( , ) denotes the pairing between 
cohomology and homology. 

Next assume M carries an 5'^-action and the action lifts to the Spin'^- 
structure P and to the complex vector bundle V. In this situation the twisted 
S'pm'^-Dirac operator dc ^ V refines to an S'^-equivariant operator and its 
index refines to an element inds^{dc <8) V) of the complex representation 
ring R{S^). For any topological generator Aq G the equivariant index 
indsi{dc ® V^)(Ao) may be computed from the Lefschetz fixed point formula 
(cf. 0) in terms of local data at the fixed points 

indsi (5c (S) l^) ( Ao) = ^ z>y ( Ao) . 

Y 

^Together with a fixed isomorphism between the induced S'0(2TO)-principal bundle and 
the frame bundle. 
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Here the sum runs over the connected components Y of the fixed point man- 
ifold . To describe the local data uy it is convenient to replace the 5*^- 
action by the two-fold action.^ Having done so it follows from the Lefschetz 
fixed point formula that each local contribution z/y(A) is a rational function 
in A G C which only depends on the restriction of the S'pm'^-structure P 
and the bundle V to Y. Since indsi{dc (S> V") G R{S^) is a finite Laurent 
polynomial in A the sum YIy ^y{^) extends to a meromorphic function on C 
without poles on C*. 

Below we shall consider a certain series of S'^-equivariant twisted Spin'^- 
Dirac operators for which the equivariant index is related to a Jacobi function 
(see Prop. |3.1|) . In the next section we employ this relation to study the first 
Pontrjagin class of a homotopy complex projective space which admits a nice 
Pm(2)-action with fixed point. 

We digress and recall the definition of Jacobi functions. Let 5-^2 (Z) act 
on by matrix multiplication from the right, i.e. [a, (3) i— > {a, (3) A for 
A G S'L2(Z), and let H denote the upper half-plane. 

A meromorphic function F{t, 2;) on 7^ x C is called a Jacobi function for 
SL2{1j) k 1? of weight k and index I if 

F(r, z + aT + P)= F{t, z) ■ e-2-*-^-(°'-+2"-) 

for {a, 13) G I? and 



' cr + (i ' cr + c? 



) = F(r, z) ■ (cr + df ■ e 



f*^^ (c rf) ^ 5'L2(Z). In view of these equations one may also define Jacobi 
functions of weight k and index J as fixed points under an action of S'L2(Z) k 
1? on the ring of meromorphic functions on x C (cf. [0 where the 
definition also involves conditions for the cusps). 

In topology Jacobi functions occur naturally as local contributions in 
the Lefschetz fixed point formula of elliptic genera for Spin, stable almost 
complex or EO(8)-manifolds (cf. [|3, 0, 0, 



We shall now consider some generalizations of elliptic genera to S^-equi- 
variant S'pin'^-manifolds. As before let V be an S* ^-equivariant s-dimensional 
complex vector bundle over M. We define a g-power series Uy G -R'5i(M)[[g]] 
of virtual 5* ^-equivariant vector bundles by 

00 00 
l^v := (S)SATM ®M C) ® A-iiV*) ® (g)A_,n(\/ ®^ C). 

n=l n=l 



■^This is not necessary but makes formulas easier. In particular, some functions which 
are only well defined on the covering C* — > C*,A i-^ A^, are defined on the base after 
passing to the two-fold action. 
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Here g is a formal variable, E denotes the reduced vector bundle E — dim{E) 
and At := X]^* ' (resp. St := ^ 5** ■ f) denotes the exterior (resp. sym- 
metric) power operation. The tensor product is, if not indicated otherwise, 
taken over the complex numbers. 

The index of the equivariant S'pm'^-Dirac operator twisted with Uy is a q- 
power series of representations inds^{dc®Uv) G -R(S'^)[[g]]. By the Lefschetz 
fixed point formula the equivariant index at a topological generator Aq of S"^ 
is a sum of local data 

Y 

Each local datum t'y(g. A) is an element of C(A)[[g]] which only depends on 
the restriction of the S'pm^-structure P and Uy to Y. In order to explain its 
relation to Jacobi functions we need to introduce some notation for the local 
data at the S^-fixed points. 

For a connected component Y of define d{Y) := dim(y)/2 (since 
M is of even dimension the same holds for Y). The tangent bundle TM 
restricted to Y splits equivariantly as the direct sum of TY and the normal 
bundle Af{Y) which inherits a complex structure from the S'^-action. Let 
Xi + my^i ■ z, d(Y) < i < m, denote the equivariant roots of A/'(F) (to lighten 
the notation we suppress the dependence of on Y). 

On Y we choose the orientation which is compatible with the orientation 
of M and the complex normal bundle J^{Y). Let ±xi, . . . , ±Xd{Y) denote 
a set of roots of TY such that xi ■ . . . ■ Xd{Y) is equal to the Euler class of 
the oriented vector bundle TY and let my^j = for i < d{Y). Note that 
±(xj +mY,i ■ z) are the equivariant roots of TM\y as introduced in Section |^. 

Recall that the S'pm'^-structure induces a complex line bundle over M. 
Let Iy be its weight at Y . The equivariant roots of at y shall be denoted 
by f 1 + sy,i ■ z, . . . , f s + sy,s ■ z. Next let 

j i 

which is an integer since we are looking at the two-fold action. Finally, define 
n(V|y) := dimc(Vb), where Vq := (Vjy)'^ denotes the subbundle of V\y which 
is fixed under the S'^-action. 

We are now in the position to state the main result of this section which 
we use in the following section to derive a lower bound for the first Pontrjagin 
class of a co homology CP"^ with Pm (2)-action. 
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Proposition 3.1. For q = e^'^*"^, r G 7i, and Aq = e^'^*'^" a topological gen- 
erator of C C the series z/y(r, Zq) := i/y(g, Aq) converges to a meromorphic 
function on Ti. x C also denoted by Vy{t,z). The sum z/y(r, 2;) has no 
poles on z eM.. 

1. If niVyf) > d{Y) then vy{t,z) and uyIq, X) vanish identically. 

2. Ifn{V\Y) = d{Y) then vy{t,z) is the product of a holomorphic function 
e{z) and a Jacobi function Fy for SL2{'L) x 7? of index Iy ■ For any 
fixed T ETi the set of poles of Fy is contained m Q • r + Q. 

Proof: We describe the local datum z/y(g, Aq) in terms of the WeierstraB' 
^-function and the equivariant roots. Recall that $(r, z) is a holomorphic 
function on 7i x C defined by the normally convergent infinite product 

^(,, A) := (Ai - A-i) ■n ''''"'nlV'''''' ^ C|Ai,A-il||,l|, 

n>l ^ ^ ' 

where q = e^'^*"^ and A = e^'^*'^. For a topological generator Aq of the 
power series z>y(g, Aq) G C[[q]] is given by 

J^y(g, Ao) = Ao),/iy) (1) 
where A{q, A) G H*{Y; C(A)[[g]]) is defined as[] 

X U jf^y n ^(,.,„^.,.-,.) -ri^(-'-^°'-^"")- 

Here /iy is the fundamental cycle of y, the characteristic classes are expressed 
in terms of their formal roots and ( , ) denotes the pairing between co- 
homology and homology. Recall that /y is the weight at Y of the complex 
line bundle associated to the equivariant 5'pm'^-structure. To prove formula 
([l|) one computes the Chern character of Uy and applies the Lefschetz fixed 
point formula to indsi{dc ®Wy)(Ao) (for details cf. 0). 

Recall that (j){q,X) converges normally to $(r, 2;). This implies that for 
fixed Ao = e^^^-^o and any q = e^"'^, t eH, the series A{q, Aq) G H*{Y; C)[[q]] 
converges to a well defined element Azo{t) in the cohomology of Y with 
values in the ring of holomorphic functions on Ti. Moreover, there exists an 
element A{t, z) in the cohomology of Y with values in the ring (7i x C) 

'^Since we have passed to the two-fold action this is an expression in A rather than . 
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of meromorphic functions on 7i x C such that A{t,zq) = ^^^(r) for any 
irrational 2:0 G M (for details cf. 0). Changing variables we conclude from 
formula that the series z/y(r, 2;) converges for any irrational real number 
z to the meromorphic function {A{t, z), ^iy) (in the following also denoted 
by i/y(r, z)). 

Note that each coefficient of the g-power series inds^{dc ®Uy)^ being a 
finite Laurent polynomial in A, is holomorphic on C C. This implies that 
the sum T-'vij, z) has no poles on 2; G M (again cf. [0] for details). Next 
we consider the statements involving the dimension n(Viy) of Vq. 

Ad (1): Assume n(V]y) > d{Y). Recall that the Weierstrafi' ^-function 
$(r, z) has a simple zero in z = for any t E Ti. This implies that A{t, z) 
contains the Euler class e(Vo) = nsy^=o'^i ^0 as a factor. Since n(y\Y) > 
d{Y) the function i/y(r, 2;) = {A{t, z), fiy) vanishes for any irrational z G 
M. Being meromorphic this forces i^y(r, 2;) (and also i>y(g, A)) to vanish 
identically. 

Ad (2): Assume n(V|y) = d{Y). Then e(Vo) is in the top degree of the 
cohomology of Y. The local datum i/y(r, ^q) is equal to the product of the 
Euler number of Vq and Ao{t, Zq), where Aoir, z) = e'^'^^'y-^j ''^j)'^ ■ Fy(r, z) 
and 

^-(-'-)= n ^rly.z) - n ^(-^^y.-^)- 

To see this consider A{q, A), recall that 0(g, A) converges to $(r, 2;) and note 
that 0(g, e^) has the form x + O(x^). Whereas ^(r, 2;) depends on the equiv- 
ariant roots Ao{t, z) only depends on the weights of TM and V at Y. 

We proceed to identify Fy{t,z) with a Jacobi function. The Weierstrafi' 
^-function is a holomorphic Jacobi function for (Z) ix of weight — 1 
and 'index | with character' (cf. [|lT|). More precisely, $ is holomorphic and 
satisfies 

<l>(r, 2 + a ■ r + /5) = <l>(r, z) ■ ^-("'-+2°-) . (-l)"+/3 
for (a, /5) G and 

$(^^, = <l>(r, z) . (cr + ■ e-^-^ 

cr + a cr + ct 

for ( " ^ ) G SL2{Z). In particular, if s is even, then $(r, s -2;) is a holomorphic 
Jacobi function of weight —1 and index y (as defined in the beginning of this 
section). For fixed r the divisor of ^t{z) := $(r, z) is equal to Zr + Z, i.e. 
$T- has a simple zero in each lattice point. From these properties it follows 
that Fy{t, z) is a Jacobi function for SL2{'L) k 1? of index Jy with poles in 
Q ■ r + Q. This completes the proof of the proposition. ■ 
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4 A lower bound for the first Pontrjagin class 



In this section we give a lower bound for the first Pontrjagin class of a 
cohomology complex projective space which supports a nice Pm(2)-action 
with fixed point. Let M be a 2m-dimensional manifold with if*(M;Z) = 
H*{CP"^; Z). We assume that Pin{2) acts almost effectively on M and triv- 
ially on cohomology. Also we assume that the action has a fixed point. As 
mentioned before the latter assumption is automatically satisfied if the Euler 
characteristic of M is odd, i.e. if m is even. 

Let 7 denote the complex line bundle with 01(7) = x, where x is a fixed 
generator of H'^{M\'L). Since the Pm(2)-action is trivial on integral coho- 



mology, we can lift the action uniquely to 7 (this follows form |T3[, cf. 0, 
Prop. 3.6). Let ay denote the weight of 7 at a connected component Y of 
for the induced S'^-action. 
Next we recall some well known facts about M and 7 which may be 
induced from the localization theorem in i^'-theory applied to the S^-action 
and induced Zp-actions or by cohomological means (cf. for example |2^, Th. 
2.8, i Ch. VII, 



(i) The fixed point manifold M^^ is a disjoint union Iq U . . . U Y^, where 
the integral cohomology ring of Yi is isomorphic to CP*"' for some m,. 

(ii) E!=o("^i + 1) = m + 1. 

(iii) The weights of 7 are distinct. 

Assume ay^ = 0, i.e. assume that the Pin(2)-fixed point pt is in Yq. Let V 
be the sum of S'^-equivariant complex line bundles over M given by 



V := d{Yo) ■ 7 + $^(c^(V'.) + 1) ■ 7 ® A-'^^» , 

i=l 

where A denotes the standard complex one-dimensional representation of 5*^. 



We apply Proposition |3]T| to inds^{dc ® Uy) to derive a lower bound for the 
first Pontrjagin class. 



Proposition 4.1. Let M be a cohomology CP"^ as above. Ifpi{M) = —n-x^ 
then n < m. 

Proof: We may assume that n is non-negative. Using the Atiyah-Singer 
index theorem one computes that the non-equivariant index ind{dc ® Uy) 
does not vanish. We proceed to describe the equivariant index in terms of 
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local data. For technical reasons we replace the S^-action by its two-fold 
action. Recall that d{Yi) denotes half of the dimension of 1^, i.e. d{Yi) = rrii, 
and n{V\Yi) denotes the complex dimension of the subbundle Vq of V\Yi which 
is fixed under the S^-action. Since the weights ay^, . . . , ay^. of 7 are distinct 
and ttYo = we have n(Viy.) = d{Yi) + 1 if i > and n{V\YQ) = ^(^o)- 

Next consider the local datum uy. (r, z) in the Lefschetz fixed point for- 
mula for indsT-{dc ®Uv)- By Proposition z/y. (r, 2;) vanishes for i > 0, 
Vyq{t,z) is the product of a holomorphic function e{z) and a meromorphic 
function Fyg(r, 2;) and inds^{dc ®Uy){\) converges to 

^ z/y^(r, z) = uyo{t, z) = e{z) ■ Fy^{t, z) 

i 

for q = e^^^"^ and any topological generator A = e^^^'^. Moreover Fyq{t,z) is 
a Jacobi function for 5'L2(Z) k of index 

-t k m 

h,:=-C£{d{Y,) + l)-al-Y,mlJ 

i=i j=i 

with poles in Qr + Q. Note that Fyo{t, z) and e{z) cannot vanish identically, 
since the non-equivariant index ind{dc ®Uv) does not vanish. 

It follows from the proof of Proposition |3.1| that e{z) has no zeros on 
2 G M. Since T-'Yii'T, z) has no poles on 2; G M the same holds for Fy^^{t, z). 

Next consider the action oi A = ("^) G SL2{Z) on 7i x C given by 
A{t, z) = (f^, ^). Note that the 5L2(Z)-orbit of any element of {r} x 
(Qr -|- Q) intersects with {tq} x Q for some tq G Ti. Since Fyo{t,z) has 
poles in Qr + Q but no poles on M we conclude that Fyq has no poles at 
all. Hence, Fyq is a holomorphic Jacobi function of index Jy^ which does 
not vanish identically. Since a holomorphic Jacobi function of negative index 
must vanish identically (cf. the index Iyq is non-negative, i.e. 



j=i i=i 

Let Z be a connected fixed point component of M^^ such that a| = maxjjay^}. 
By equation (*) 

m m 

Hence, 



k 
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This implies n < m since a| > Oy. and ^j>o('^(^«) + 1) < 



5 Rigidity of Pontrjagin classes 



In this section we prove Theorem |1.2| . In fact we show the following slightly 
more general result. 

Theorem 5.1. Let M be a smooth cohomology CP™, m < 12, which sup- 
ports an almost effective smooth Pin{2)- action which is trivial on cohomol- 
ogy. If m is odd assume in addition that the action has a fixed point. Then 
the total Pontrjagin class of M is standard, i.e. p{M) = (1 + 



Remarks 5.2. 1. The theorem above is slightly more general than The- 
orem 



ITJ since a cohomology CP™ may have non-trivial fundamental 



group. 



2. For m odd there are -actions on CP™ with fixed point free Pm(2)- 
action. The homogeneous action on S^/ = CP^ is an example. 



Proof of Theorem |5.1| : First note that the Pm (2)-action on M always 



has a fixed point (for m even this is true since the Euler characteristic of 
M is odd). We order H'^{M; Z) = Z ■ by identifying H^{M; Z) with the 
integers using 1. By Proposition |4.1| the first Pontrjagin class satisfies 

Pi{M) > -m ■ x^. In 0, Th. 4.2, it was shown that pi{M) < {m + 1) ■ x'^ 
using methods similar to those of Section ^. For the convenience of the reader 



we sketch the argument below (see Th. |5.3|) . Hence 



-m-x^ <Pi(M) < (m + 1) -x^. (2) 

Next note that pi{M) is a cohomology invariant modulo 24, i.e. pi{M) = 
(m + 1) ■ mod 24. To see this choose a S'pm '^-structure on M with first 
Chern class c = (m+l)-x and let V := (7—1)™"^. By the Atiyah-Singer index 
theorem the index of the (non-equivariant) Spm^-Dirac operator twisted with 
V is equal to 

Note that A{M) = 1 — ^^24^^ + terms of higher order. Let b be the integer 
defined by pi{M) = 6 ■ x^. Then the index takes the form ^ — Q, where 
Q is a rational number which only depends on the cohomology ring of M. 
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Since the index is an integer it follows that = Q modulo the integers. 
The same computation shows for the standard complex projective space that 
= Q mod Z. Hence, b = m + l mod 24, i.e. pi{M) = {m + l)-x'^ modulo 
24. Since m < 12 it follows from equation (H) that the first Pontrjagin class 
is standard, i.e. 

Pi(M) = (m + 1) ■ 

As mentioned in the introduction it was shown in ^ that the total Pontrjagin 
class of M is standard if pi{M) is standard (see Th. ^]3| below). This 
completes the proof. ■ 



Theorem 5.3. Let M be a cohomology CP"* with nice Pin{2)- action. If m 
is odd assume in addition that the action has a fixed point. Then the first 
Pontrjagin class satisfies pi{M) < (m + 1) ■ x^. Moreover p{M) is standard 
ifpi{M) = (m + 1) ■ 

Proof: For a detailed proof we refer to 0, Th. 4.2. Here is a sketch of the 
argument based on the following general vanishing result. Let V he a. Pin{2)- 
equivariant complex vector bundle and let be a Pm(2)-equivariant 2t- 
dimensional Spin-vector bundle over M. Let ±{wi+tY,i-z), . . . , ±{wt+tY,fz) 
denote the equivariant roots of W restricted to a connected component Y of 
. The equivariant roots of V and TM shall be denoted as in Section |^. 
Assume pi{V + W) = pi{M). Using a spectral-sequence argument one shows 
that 

^ s t m 

^ •= 2 E 'h + E - E "^^■^) (3) 

j = l k=l i=l 

is independent of Y. Next consider the g-power series Uv,w ^ -^sil^)!^]] of 
virtual S^-equivariant vector bundles defined by 

oo 

Uv,w ■.= Uv®A{W)^ (^Ag«(W ®R C). 

n=l 

Here A{W) denotes the full complex spinor bundle associated to the Spin- 
vector bundle W. We fix a S'pin'^-structure on M and lift the induced S^- 
action. Next one shows (by arguments similar to the ones of the previous 
sections) that the equivariant index indsi{dc ®Wv,vf) is equal to the product 
of a holomorphic function and a Jacobi function (for ro(2) C SL2{'L)) of 
index / if piiV + W) = pi{M) and CiiV) is equal to the first Chern class of 
the 5'pm'^-manifold M. As in the proof of the rigidity of elliptic genera one 
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can show that the Jacobi function is in fact holomorphic. This imphes that 
indsi{dc ®V{v,w) vanishes identically if / is negative. 

Now assume pi{M) > (m + 1) ■ x^. We want to show a contradiction. To 
this end fix a S'pm'^-structure on M with first Chern class equal to (m + 1) -x. 
Let V := (m — 1)-7+7^ and let W := (6— m — 3)-7, where b > m+1 is defined 
by pi{M) = h-x^ (note that 6 > m + 3 since pi (M) = (m + 1) ■ mod 2) . We 
lift the Pm(2)-action to each line bundle occurring in V and W . Note that 
Piiy+W) = pi(M) and CiiV) is equal to the first Chern class of M. Since the 
weights of V and W at the Pm(2)-fixed point vanish it follows from equation 
(|^) that / is negative. Hence, by the result above indgi^dc ®Uv,w) vanishes 
identically. In particular, the non-equivariant index vanishes. However, one 
computes with the help of the Atiyah-Singer index theorem that the series 
ind{dc <^Uv,w) does not vanish. This contradicts the assumption on pi(M). 
Thus pi{M) < (m + 1) -x^. 

Next assume pi{M) = (m + 1) ■ x^. We want to show that p{M) is 
standard. To this end let 14 := 7^ + (m - 3 - 2k) ■ 7, Wk := (2A;) ■ 7, 
k G {0,... , [^^^]}, and choose a S'pm'^-structure on M with first Chern 
class equal to ci(Vfc). Note that piiVk + Wk — TM) = 0. Again we lift the 
Pm(2)-action to each line bundle occurring in Vk and Wk and conclude from 
equation that / is negative. By the result above inrf^i {dc^Uy^w) vanishes 
identically. In particular, the constant term in the g-power series is zero, i.e. 

(i(M) ■ (e" - e-") ■ (ef - e-^r-^'^' ■ (e^ + e-^f", fiM) = 

for k G {0, . . . , [^^^]}. These relations together with the signature theorem 
completely determine A{M) and therefore determine the total Pontrjagin 
class p{M). Since all these relations also hold true for CP"* we conclude that 
p{M) = (1 + x^)'""'"^. Hence p{M) is standard if pi{M) is standard. ■ 
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